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1. INTRODUCTION 
Consider the impulsive delay differential equation 
{ 
z’(t) +p(t)z(t - T) = 0, t # tk, 
Z(tkf) - Z(tk) = b@(tk), k E N, 
(1) 
where p(t) 2 0 is continuous on [to, co), 7 > 0, bk are constants, 0 < to < tl < t2 < . . . < tk < . . . , 
with limk,, tk = co. 
By a solution of (1) we mean a real valued function x(t) defined on [to -7, m) which is piecewise 
left continuous on [to - 7, 00) and satisfies (1). 
We say that a solution of (1) is nonoscillatory if it is either eventually positive or eventually 
negative. Otherwise, it is called oscillatory. 
It is well known that the delay differential equation 
y’(t) + p(t)y(t - T) = 0 
has a nonoscillatory solution if p E C( [to - T, oo), I?+), T > 0 and 
(2) 
s t P(S)dS I a, for t 2 to t-r
(see 11, p. 42, Theorem 2.3.21). 
(3) 
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If (2) is subjected to impulsive perturbations, e.g., (l), the nonoscillatory solution of (2) may 
or may not continue to persist under impulsive perturbations. Here we have a question; what 
is the sufficient condition for the persistence of nonoscillatory solutions of (2) under impulsive 
perturbation? Solving the above problem is the goal of this paper. The following theorem 
was established by Gopalsamy and Zhang [2] by using the Schauder fixed point theorem, which 
provided a partial answer to the above question when p(t) z p. 
THEOREM A. Assume that p(t) E p > 0 and that 
(i) there exists a positive real number c such that pTe 5 1 - c, 
(ii) bk > 0, k = 1,2, . . . , and CT?“=, bk < cm. 
Then (1) has a nonoscillatory solution. 
For the proof of Theorem A as given in [2], it is essential that p7e 5 1 - c and cr!“=, bk < m. 
Our goal is to improve these conditions. We will prove that the conditions b,+ > 0, for k = 1,2,. . . , 
and the existence of a nonoscillatory solution of (2) imply that (1) has a nonoscillatory solution. 
To the present time, there exists almost no literature on delay differential equations with 
impulses (see [3-5]), although ordinary differential equations with impulses have been considered 
by many authors (see [3,5]). The theory of impulsive differential equations is emerging as an 
important area of investigation, since it is a lot richer than the corresponding theory of differential 
equations without impulse effects. Moreover, such equations may exhibit several real world 
phenomenon, such as rhythmical beating, merging of solutions, and noncontinuability of solutions. 
2. MAIN RESULT 
The following theorem provides a sufficient condition for (1) to have a nonoscillatory solution. 
THEOREM 1. Assume that 
bk > 0, fork=1,2,..., (4) 
and that (2) has a nonoscillatory solution y(t). Then (1) h as also a nonoscillatory solution. 
COROLLARY 2. Assume that (3) and (4) hold. Then (1) has a nonoscillatory solution. 
COROLLARY 3. Assume that (4) holds and that 
p(t) =p and Poe 5 1. (5) 
Then (1) has a nonoscillatory solution. 
We should remark that Corollary 3 is a substantial improvement of Theorem A. 
To show the above results, we need the following Lemma which can be proved by using the 
method of steps. 
LEMMA. Let qS(t) : [to - T&] 4 R be piecewise right continuous for some to 2 0, then the 
equation (2) has a unique solution y(t) : [to - T, co) 4 R satisfying y(t) E C([to,co), R) and 
y(t) = 4(t), for to - 7 < t 5 to. 
PROOF. We assume that there exist to - I- = p1 < p2 < ... < pn < pn+l = to such that 
4(t) = L 
h(Q, for pl I t < ~2, 
$2(t), for ~2 I t < ~3, 
. . . 
h(t), for pn 5 t < pn+l, 
&to), for t = to, 
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where &(t) is continuous on (pi, pi+r), i = 1,2,. . . ,n. Defineforts-r<t<ts+r 
/ 4(t), fortc-71t<t0, 
4(to) - St”, P(U)& (u - r) du, for to I t < p2 + 7, 
4(to1 - gfr P(~)41 (u - 7) du. 
- c2+7 P(‘LLM2CU - T) du, for p2 + 7 5 t < p3 + 7, 
ddto) - Jt+T PHI (u - T) du 
Y/l(t) = ( - sp”2”+:’ 
P(u)~z(~ - T) du 
x .(iS+T P(u)~~(u - T) du, for p3 + 7 5 t < p4 + 7, 
. . . 
I - LL,,+T P(u)h(u. - T) du, forp,+T~t<Pn+l+T=to+T, t+$fy)- y1(tL for t = t0 + 7. 
Clearly, yr(t) is continuous on [to, to + T] and satisfies the equation (2) for t E [to, to + T] with 
y1 (t) = 4(t) for t E [to - 7, to]. Now consider the new initial condition problem: 
Y’(t) + P(t)y(t - T) = 0, t 2 to + 7, 
Y(t) = Yl(C to 2 t 5 to + 7. 
Since Yr(t) is continuous on [to, to + T], it follows that the above equation has a unique sOlu- 
tiOn yz(t) on [to, co) and SatkdieS y2(t) = y1 (t), for to 5 t < to + T. Clearly, 
Y3(t) = 
yl(% fortO-T<t<tOfT, 
Yz(t), for t0 I t < 00, 
is a unique solution of (2) satisfying yS(t) = q+(t), for to - T 5 t 5 to. 
PROOF OF THEOREM 1. Since y(t) is a nonoscillatory solution of (2), then -y(t) is also a 
nonoscillatory solution of (2). We may assume that y(t) is eventually positive. Let N be an 
integer such that y(t) > 0 for t > tN - T. 
Now consider the initial function 
41(t) = 
y(t), for tN - 7 2 t < tN, 
(1 + bN)y(tN), for t = tN. 
It is clear that 41 (t) is piecewise right continuous on [tN - T, tN]. Thus by the Lemma, we know 
that (2) has a unique solution yl(t) : [tN -7, co) -+ R which is continuous on [tN, co) and satisfies 
yl(t)=&(t),fOrtN-T<t<tN. 
Next we will prove that 
Yl(t) > Y(t), for r 2 tN - 7. (6) 
It is easy to see that (6) holds for tjv - r 5 t 5 tjv. For t E [tN,tN + T], we have 
J 
t 
Yl (t) = Yl (tN) - P(S)YI (s - T) ds 
tN 
J 
t = Yl(tIv) - ~(skh(s - T) ds 
tlv t = !/l(tN) - J P(s)Y(s - T) ds 
= Yl(tN) + it; - y(tN) 
= ?zdt) + bN?dtN), 
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i.e., 
yl (t) = y(t) + bNy(tN)r fortE [tN,tN+~l, (7) 
which shows that (6) holds for tN 5 t 5 tN + 7. Since Y(t) > 0 for C 2 tN - 7, hence, from (2) 
we know that y(t) is decreasing for t 2 tN - T. Therefore, we have Y(t) > Y(tN + r) > 0 for 
t E [tN, tN + T]. It fohows that 
Yl(t) ?dt> +bN?/(tN) y(t) 
Yl (tN + T> = Y(tN + T) + by(t) ’ y(t~ + T) for tN 5 t 5 tN + 7. (8) 
Thus, for t E [tN + 7, tN + 27-1, by using (8) we have 
I 
t 
yl(t) = yl(tN + T) - P(S)Yl(S - T) ds 
tN+T 
2 yl(tN +T) - 
p(s) yl(tN + T)yl(S - 7) ds 
y(h + T) 
= yl(tlv + T) - ylttN + T) 
s 
t 
y(tN + T) tN+r 
P(S)Y(s - T) ds 
=Yl(tN+T)+yl(tN+T) y(tN + T) [Y(t) - Y(tN + T)] 
= yl(tN +T) 
y(tN + T) y(t) > y(t), 
which shows that (6) holds for tN + T < t 5 tN + 27. Now we will prove that (6) holds for 
tN + 27 5 t 5 tN + 37. To this end, we will prove 
Yl(t> 
< Y(t) 
yl(tN + 27) - y(tN + 27)’ 
for tN + 7 < t 5 tN + 27. 
It suffices to show that 
Since 
-Yl (t - T)Y(t) + Yl (t)Y(t - 7) 
y2(t) 
7 
it follows that if (10) does not hold, then there exist some t* E [tN + T, tN + 271 such that 
Yl(t*)Y(t* - T) < Yl(t* - T)Y(t*), 
or 
Yl(t*) y(t*) 
Yl(t* - T) < Y(t* - T) 
(9) 
(10) 
(11) 
But, by (8) we see that (10) holds at t = tN -I-T. Hence, t* > tN +T. Integrating (2) from tN +T 
to t* and by using (8), we find 
t* 
YI (t*> = Yl (tlv + T> - I P(S)YI (s - ‘-1 ds tN+T 
2 yl(tN +T) - 
p(s) yl (tN + T)Y(S - T) ds 
y(tN + T) 
=yl(tN+T)+Y1(tN+T) 
y(tN + T) [y(t*) - y(tN + T>] 
= yl(tN +T) 
y(tN + T) y(t*)’ 
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i.e., 
Yl (t*) y(t*) 
Yl@N +7) L y(tN +7)’ (12) 
In view of (8) and noting that tN < t* - T 5 tN + 7, we have 
Yl(t* - T) Y(t* - T) 
Yl(tN + T) ’ y(tN + T) ’ 
which, together with (ll), yields 
Yl(t*) y(t*) 
Yl(tN + T) < y(tN + T) ’ 
which contradicts (12). This shows that (10) holds and so (9) holds. Therefore, for t E [tN + 27, 
tN + 371, by using (9) we have that 
J 
t 
Yl(t) = Yl(tN + 27) - P(S)YI(S - 7) ds 
tN+% 
Yl(tN + 27) J t 2 Yl(tN + 27) - !dtN + 27) tN+a P(S)Y(S - T) ds 
= yl(tN + 27) + Y1(tN + 2T) Y(tN + zT) (y(t) - y(tN + 27)) 
= yl(tN + 27) 
y(tN + 2T) y(t) ’ y(t), 
which shows that (6) holds for tN + 27 5 t 5 tN + 37. In general, by using mathematical 
induction, we can show that (6) holds for t E [tN + no, tN + (n + l)~], n = -l,O, 1,2,. . . , and SO 
(6) holds for all t 2 tN - T. 
Next we consider the second initial function 
b(t) = { ~;~;N+l)Yl(tN+l), ;; f”=t;,: s t< tN+lT 
It is clear that 42(t) is piecewise right continuous on [tN+i - T, trJ+l]. Then by the Lemma, (2) 
has a unique solution ys(t) : [tN+l - T, 00) + R such that y2(t) is continuous on [tN+i, 00) and 
~2(t) = 42 (t), for t N+1 - 7 5 t I tN+l. Similarly, we can show that 
Thus, 
(i) 
(ii) 
(iii) 
Y2W 2 Yl(Q for t 2 tN+l - 7. (13) 
we can obtain a sequence of solutions {y,(t)} of (2) which have the following properties: 
Ye(t) = y(t), 
y,(t) is a solution of (2) defined on [tN+n__l - T, cm) and satisfies the initial condition 
y,(t) = &L(t) = 
{ 
Yn-1(t), tN+n-1 - 7 5 t < tN+n-1, 
(1 + bN+n-l)yn-l(tN+n-l), t = tN+n-1, n = 1~2,. . . , 
Yn(t) 2 Yin-l(t), for t 2 tN+n-1 - 7. 
Since ye(t) = y(t) > 0 for t > t N - 7, it fOllOWS that ?&(t) > 0 for t 2 tNfn-1 - 7, 7l = 1,2,. . . . 
Finally, we define 
YO(t), tN --7 < t 5 tN, 
x(t) = 
Yl(C tN < t 5 tN+l, 
. . . 
!/n(t), tN+n--1 < t 5 tN+nr n = 1~2.. . . 
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It is easy to show that z(t) is positive and piecewise left continuous on [TV - T, w), and is a 
solution of (1) on [TV, 00). The proof is complete. 
The following theorem provides a necessary and sufficient condition for (1) to have a nonoscil- 
latory solution when p(t) E p. 
THEOREM 2. Assume that (4) holds and p(t) E p. If there exists a positive constant T such that 
tk+l - tk 2 T; k=1,2,3,... and T-CT 
and 
deW bk = 0. 
Then (1) has a nonoscillatory solution if and only if 
04) 
(15) 
pre<l. (16) 
PROOF. From Corollary 3, we know that we only have to show the necessity. If pre > 1, then 
there exists a positive constant A4 such that p7e > 1 + M. By (15), there exists a positive 
integer K such that 0 < bk 2 M whenever k > K. Therefore by 12, Theorem 3.21, we know 
that every solution of (1) is oscillatory. Hence, if (1) has a nonoscillatory solution, we must have 
pTe 5 1. The proof is complete. 
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